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Abstract
In this article, we investigate some conditions for a real cyclic extension K over Q to satisfy the property
that every totally positive unit of K is a square. As an application, we give a partial answer to Taussky’s
conjecture. We then extend our result to real abelian extensions of certain type.
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1. Introduction
Let K be a real Galois extension over Q. Let UK,U1K,U
+
K and U
2
K be the unit group, the
subgroup of the units of norm 1, the subgroup of the totally positive units and the subgroup of
the unit squares, respectively, of K . We consider the following two properties:
(P1) U+K = U2K .
(P2) [UK : U1K ] = 2.
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2 M.-H. Kim, S.-G. Lim / Journal of Number Theory 125 (2007) 1–6In 1899, Weber [18] showed that (P1) holds when K is the maximal real subfield of Q(ζ ),
where ζ is a primitive 2r th root of unity. Hasse [11], in 1952, proved that if K is a real abelian
extension over Q of extension degree a power of 2 and if the discriminant of K is a power of
a prime, then both (P1) and (P2) hold.
Garbanati [10] observed that the two properties are closely related. Indeed, he showed
that (P1) implies (P2) and that the two are equivalent when the extension degree of K is a power
of 2 over Q. In addition, he proved that neither property holds for the maximal real subfield K
of Q(ζn) if n is not a power of a prime, and that (P2) holds if n is a power of a prime, where n is
not of the form 2m for odd m.
Armitage and Frohlich [1] proved that (P1) holds for a real cyclic extension K over Q if
its Galois group is of order a power of an odd prime p, for which ordp(2) is even, and if the
class number hK of K is odd. Hughes and Mollin [12] generalized this result to a larger class of
abelian extensions over Q.
In this article, we investigate conditions for a real cyclic extension K over Q to satisfy (P1),
and then apply our result to give a partial answer to Taussky’s conjecture. Finally, we extend
these results to real abelian extensions over Q of a certain type.
2. Preliminaries
Let K be a real Galois extension over Q with extension degree n. Let G be its Galois group.
Let F = GF(2), the Galois field of two elements, and FG be the group algebra of G over F . One
of the main tools in studying the two properties is the signature map which is defined as follows.
Definition 2.1. The signature map sgn :UK → FG is defined by
sgn(u) =
∑
g∈G
σ
(
g(u)
)
g ∀u ∈ UK,
where σ :UK → F is the sign map defined by
σ(u) =
{0 if u > 0,
1 if u < 0.
Note that the map sgn is a group homomorphism such that sgn(UK) is an ideal of FG, which is
isomorphic to UK/U+K , and the augmentation map: FG → F restricted to sgn(UK) corresponds
to the norm map defined on UK . (See [14].) It is obvious that (P1) holds if and only if sgn is
surjective, i.e., the ideal sgn(UK) becomes the entire ring FG. Thus (P1) holds if and only if
there exists u ∈ UK such that sgn(u) is a unit of the ring FG. It is easy to find the units of FG
for certain groups G. For example, if G is cyclic, then FG = F [x]/(xn + 1) (=: Rn), which is
semisimple if n is odd. The units of Rn are the polynomials relatively prime to xn + 1, i.e., those
not contained in any proper ideal of Rn. Hence we obtain the following lemma which will be
used in the sequel.
Lemma 2.2. Let K be a real cyclic extension over Q of degree n, let g be a generator of
G = Gal(K/Q), and assume there exists u ∈ UK such that f (x) is relatively prime to xn + 1,
where f (x) = a0 + a1x + · · · + an−1xn−1 with ai = σ(gi(u)) for each i = 0,1, . . . , n− 1. Then
[U+K : U2K ] = 1.
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Rp = F [x]/(x + 1) ⊕ F [x]/
(
1 + x + · · · + xp−1)= F ⊕ GF(2p−1).
(See [2,16].) Thus, if there is a unit of UK whose image under the signature map is not trivial,
i.e., if U1K\U+K = 0, then (P1) holds. If there is no such unit, then [U+K : U2K ] = 2p−1 and hence
dim2(CK) p−1 by [6, Theorem 2.5], where dim2(CK) is the number of even invariant factors
of CK .
(ii) If n is a power of 2, then Rn is a local ring with the maximal ideal (x + 1), which is the
kernel of the augmentation map. (See [2,16].) Thus (P1) holds if and only if (P2) holds.
3. Taussky’s conjecture
Let K = Q(ζq + ζ−1q ) where q = 2p + 1 and p are primes, i.e., q is a Sophie Germain prime.
Taussky’s conjecture. Every totally positive unit of K is a square.
By [6], the conjecture is equivalent to the oddness of hL, where L = Q(ζq). Davis [3–5]
proved the conjecture when 2 is a primitive root modulo p by showing that every totally positive
circular unit of K is a square. Estes [7] proved the conjecture when p is a prime such that 2 is
inert in Q(ζp) by showing that hL is odd. (See [8] for his introductory article on the conjecture.)
Recently Stevenhagen [17] proved that hL is odd if ordp(2) = p − 1 or if ordp(2) = (p − 1)/2
is odd. He further proved that the number of primes q for which hL is even is finite under certain
additional assumptions, and expected the number to be very small. In the following, we recapture
Stevenhagen’s result by proving that the group C+q of cyclotomic units of K is mapped onto FG
by the signature map. Note that C+q is generated by
−1 and ζ (1−m)/2q
1 − ζmq
1 − ζq
for 1 < m < q/2. (See [13].)
Theorem 3.1. Let K = Q(ζq + ζ−1q ) the maximal real subfield of Q(ζq), where q = 2p + 1 and
p are primes. If ordp(2) = p − 1, then [U+K : U2K ] = 1.
Proof. Let u = 1 + ζq + ζ−1q ∈ C+q . Then sgn(u) is not trivial and the theorem follows from
Example 2.3. 
Lemma 3.2. Let p  5, q = 2p + 1 be primes and a(x) = a0 + a1x + · · · + ap−1xp−1, where
ai =
{
0 if |2i (mod q)| > q/3	,
1 if |2i (mod q)| q/3	,
for i = 0,1, . . . , p − 1. Here, the values of 2i (mod q) are taken from the set {0,±1, . . . ,±p}.
Then a(x)a(xp−1) = 1 + x + · · · + xp−1 in Rp .
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to a(x). (See [15].) Then
a(x)a
(
xp−1
)= (A1 · A1) + (A1 · A2)x + · · · + (A1 · Ap)xp−1,
where Ai · Aj denotes the inner product of row vectors Ai,Aj ∈ Fp for each i and j . We want
to show that there exists a vector Ai such that A1 · Ai = 0, or equivalently that the number bi
of ks in {1,2, . . . , p} satisfying
k  q/3	 and ∣∣k2i (mod q)∣∣ q/3	
is even for some i = 0,1, . . . , p − 1. We may write p = 6t + 5, q = 12t + 11 for some integer
t  0. If |l (mod q)| > q/3	, then |2l (mod q)| q/3	. From these observations follows that
b1 = 2t + 1, b2 = 3t + 2. Thus if t is even, then b2 is even. If t = 2s + 1, then b3 = 5s + 4 is
even for even s. If s = 2r + 1, then b4 = 10(r + 1) is even. This proves the lemma. 
We now are ready to prove the remaining case of Stevenhagen’s result on Taussky’s conjec-
ture.
Theorem 3.3. Let K = Q(ζq + ζ−1q ), the maximal real subfield of Q(ζq), where q = 2p + 1 and
p are primes. If ordp(2) = (p − 1)/2 is odd, then [U+K : U2K ] = 1.
Proof. Let g ∈ G = Gal(K/Q) be a generator of G defined by ζq 
→ ζ 2q and
u = −(1 + ζq + ζ−1q ) ∈ C+q .
Consider f (x) = a0 + a1x +· · ·+ ap−1xp−1, where ai = σ(gi(u)) for i = 0,1, . . . , p− 1. Then
ai =
{
0 if |2i (mod q)| > q/3	,
1 if |2i (mod q)| q/3	,
where the values of 2i (mod q) are taken from the set {0,±1, . . . ,±p}. Let
xp + 1 = (x + 1)g1(x)g2(x)
be the factorization in F [x]. (See [16].) Note that sgn(u) is not trivial and its image under the
augmentation map is 1. If f (x) = g1(x)h(x) for some h(x) ∈ F [x] relatively prime to xp + 1,
then f (x)f (xp−1) = 1 + x + · · · + xp−1 in Rp . (See [15].) On the other hand, f (x) does not
satisfy this equation if p  5, by Lemma 3.2. Thus g1(x) cannot be a divisor of f (x). By the
same reason g2(x) cannot be a divisor of f (x). The remaining case is when p = 2, q = 5. In this
case, f (x) = 1. Hence [U+K : U2K ] = 1. 
Remark 3.4. Let K = Q(ζp + ζ−1p ) be the maximal real subfield of Q(ζp), where p is a Fermat
prime. Then the extension degree of K over Q is a power of 2 and hence (P2) holds. (See [9,10].)
Therefore, by Example 2.3, [U+K : U2K ] = 1. If K is a real subfield of Q(ζ2r ), then [U+K : U2K ] = 1
by the same reason, which is Weber’s theorem [18].
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ζ−1q +1) is relatively prime to xp +1 for q < 30 000 using Mathematica, which strongly supports
Taussky’s conjecture.
4. Generalization
In this section, we assume that K is real abelian, not necessarily cyclic, extension over Q and
let
G = Gal(K/Q)  Z/sZ × Z/tZ  〈g〉 × 〈h〉,
where st = n. Then FG = Rs ⊗ Rt . It is easy to check that every element of Rs ⊗ Rt can be
written in the form
s−1∑
k=0
xk ⊗ ak(x),
where ak(x) is a polynomial in Rt for each k. Let circ(c0, c1, . . . , cn−1) be a circulant matrix
with (c0, c1, . . . , cn−1) in the first row.
Lemma 4.1. Let a0(x), a1(x), . . . , as−1(x) ∈ Rt . Then ∑s−1k=0 xk ⊗ ak(x) is a unit of Rs ⊗ Rt if
det(circ(a0(x), a1(x), . . . , as−1(x))) is a unit of Rt .
Proof. Since det(circ(a0(x), a1(x), . . . , as−1(x))) is relatively prime to xt +1, there exist bk(x)s
in Rt satisfying(
s−1∑
k=0
xk ⊗ ak(x)
)(
s−1∑
k=0
xk ⊗ bk(x)
)
=
s−1∑
k=0
xk ⊗
(
s−1∑
ν=0
aν(x)bk−ν(x)
)
= 1 ⊗ 1,
which proves the lemma. 
From Lemma 4.1, we obtain the following lemma which generalizes Lemma 2.2.
Lemma 4.2. Let K be a real abelian extension over Q whose Galois group G is isomor-
phic to 〈g〉 × 〈h〉  Z/sZ × Z/tZ. Assume that there exists u ∈ UK such that det(circ(a0(x),
a1(x), . . . , as−1(x))) is relatively prime to xt + 1, where ak(x) = ak0 + ak1x + · · ·+ ak(t−1)xt−1
with ak = σ(gkh(u)) for all k = 0,1, . . . , s − 1 and  = 0,1, . . . , t − 1. Then [U+K : U2K ] = 1.
Example 4.3. Let K be a real abelian extension over Q whose Galois group G is isomorphic to
〈g〉 × 〈h〉  Z/2Z × Z/tZ. For any given u ∈ UK , define
au(x) :=
t−1∑
=0
ax
 and bu(x) :=
t−1∑
=0
bx
,
where a = σ(h(u)) and b = σ(gh(u)) for  = 0,1, . . . , t − 1. Then we may conclude that
[U+K : U2K ] = 1 if we could find a u ∈ UK for which au(x) + bu(x) is relatively prime to xt + 1
by Lemma 4.2.
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and p are primes such that ordp(2) = p − 1. Then [UK : U+K ] = 1.
Proof. The Gal(K/Q) is isomorphic to 〈g〉 × 〈h〉  Z/2Z × Z/pZ. So, we are in the case of
Example 4.3. Take u = −(ζq +ζ−1q +1) ∈ C+q . Then the image of sgn(u) under the augmentation
map is 1. Since p and q are primes, q = 24m+ 5 and p = 6m+ 1 for some positive integer m. It
is easy to check that the sum of the number of is such that ai = 1 and the number of j s such that
bj = 1 is 8m+ 1. Since the degrees of au(x) and bu(x) are at most p − 1 = 6m, there exists an 
such that a = b = 1. Then au(x) + bu(x) has no x-term and au(1) + bu(1) = 0. On the other
hand, xp + 1 = (x + 1)(xp−1 + · · · + x + 1) is the irreducible factorization in F [x] because 2
is a primitive root modulo p. Hence au(x) + bu(x) is relatively prime to xp + 1. Therefore,
[U+K : U2K ] = 1 by Example 4.3. 
Remark 4.5. Although Theorem 4.4 deals with a cyclic case, it is more efficient to use
Lemma 4.2 than to use Lemma 2.2 because we do not know the exact form of sgn(u). In ad-
dition, we can also observe that sgn(C+q ) = FG in case of Theorem 4.4.
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